Abstract. We discuss the heredity and bimeromorphic invariance of the ∂∂-lemma property and the most results here are actually contained in [11, 15, 3, 13] . In this expository note, we will provide more details for the proofs of these results with the similar ideas to [15, 13] .
Introduction
In non-Kähler geometry, the heredity and bimeromorphic invariance of the ∂∂-lemma property are two interesting problems, extensively studied in [1, 3, 6, 7, 11, 13, 14, 15] especially in the recent days. The ∂∂-lemma on a compact complex manifold X refers to that for every pure-type d-closed form on X, the properties of d-exactness, ∂-exactness, ∂-exactness and ∂∂-exactness are equivalent while a compact complex manifold is called a ∂∂-manifold if the ∂∂-lemma holds on it. Question 1.1 (Heredity). Does any closed complex submanifold of an n-dimensional ∂∂-manifold still satisfy the ∂∂-lemma? Question 1.2 (Bimeromorphic invariance). Does any compact complex manifold being bimeromorphic to an n-dimensional ∂∂-manifold satisfy the ∂∂-lemma?
Clearly, the heredity is true for the ∂∂-manifolds of dimensions ≤ 2. The bimeromorphic invariance holds true on complex surfaces by the classical results that each compact complex surface with even first Betti number is Kähler (see [5, 9] for a uniform proof) and the first Betti number is a bimeromorphic invariant, while the case of threefolds was first proved by S. Yang, and X.-D. Yang ([15] ) by use of the Bott-Chern blow-up formula. The general case is still open. For any nonnegative integer k ≤ n, we weaken Question 1.1 as Question 1.3 (Heredity for codimension ≥ k). Does any closed complex submanifold of codimension ≥ k of an n-dimensional ∂∂-manifolds still satisfy the ∂∂-lemma?
For convenience, Questions 1.1-1.3 are denoted by (H n ), (B n ) and (H n,k ), respectively.
Recall that a compact complex manifold X is a ∂∂-manifold, if and only if, there exist natural decompositions H 
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Preliminaries
For a compact complex manifold X of dimension n and k ∈ N, the k-th non-Kählerness degree is defined as
where b k and h p,q BC denote the k-Betti number and the (p, q)-Bott-Chern number, respectively. Recall Angella-Tomassini's characterization of a ∂∂-manifold:
Theorem 2.1 ([4, Theorems A and B]).
Suppose that X is a compact complex manifold. Then ∆ k (X) ≥ 0 for any k ∈ N. Moreover, ∆ k (X) = 0 for all k ∈ N, if and only if, X is a ∂∂-manifold.
A part of the following proposition was proved in [3] in a different way. Proposition 2.2. Let P(E) be the projective bundle associated to a holomorphic vector bundle E on a connected complex manifold X. Then P(E) is a ∂∂-manifold, if and only if, X is a ∂∂-manifold.
Proof. By Theorem 2.1, this proposition actually says that, ∆ k (P(E)) = 0 for all k if and only if ∆ k (X) = 0 for all k. Set r = rank C E. By the projective bundle formulae of de Rham cohomology [8, 
for any k, and
for all k. Since ∆ k (P(E)) and ∆ k (X) are nonnegative for all k, we easily get the proposition by (2.1).
Let X be the blow-up of a connected compact complex manifold X along a connected complex submanifold Y of codimension r. S. Yang 
for all p, q, by (2.2). So
for all k. Theorem 2.1 implies that ∆ k (X) and ∆ k (Y ) are nonnegative for all k. So (2.3) completes the proof of the proposition. . The idea of the present proof by approach of non-Kählerness degree was first used in [15] .
As we know, the exceptional divisor for the blow-up X of X along Y is biholomorphic to the projective bundle of the normal bundle over Y in X. Combining Propositions 2.2 and 2.3, we easily get Corollary 2.5. Let X be a blow-up of a connected complex manifold X along a smooth center with the exceptional divisor E. Then X is a ∂∂-manifold, if and only if, X and E are both ∂∂-manifolds.
A proof of Theorem 1.4
Proof. Here we just prove (H n+k,k+1 ) ⇒ (H n ) and the others are the direct corollary of Proposition 2.3 and the weak factorization theorem [2, Theorem 0.3.1].
Let X be a ∂∂-manifold and Y arbitrary closed complex submanifold of codimension ≥ 1 in X. Note that X × CP k is the projective bundle associated to the trivial bundle X × C k+1 over X and thus satisfies the ∂∂-lemma by Proposition 2.2. Denote by {pt} a set consisting of a single point in CP k . Then Y ∼ = Y × {pt} has the codimension ≥ k + 1 in X × CP k and satisfies the ∂∂-lemma by (H n+k,k+1 ).
